Time reversal (TR) recently emerged as an interesting communication technology capable of providing a good spatio-temporal signal focusing effect. New generations of largebandwidth devices with reduced cost leverage the use of TR wideband communication systems. TR can easily be integrated into an orthogonal frequency-division multiplexing (OFDM) system by precoding the signal in the frequency domain. In this letter, we first extend the frequency-domain TR precoding to rate back-off factors (BOFs) different than one. We secondly derive a closed-form mean-square-error (MSE) expression of the received equalized symbols as a function of the BOFs and the number of antennas. The derived MSE formula is validated numerically with Rayleigh fading channels. Index Terms-Time reversal, rate back-off factor, OFDM.
I. INTRODUCTION
T IME-REVERSAL (TR) with sufficient rate back-off factor (BOF) has recently gained much attention as it can combine the energy from different multipath components to create a spatio-temporal focusing effect [1] - [3] . TR precoding can be implemented in either time domain (TD) or frequency domain (FD). The TD/TR precoding has been well studied in the literature [2] , [3] . The focusing effect of the TD/TR precoding comes from the use of a high BOF, which is defined as the ratio between the sampling rate and the symbol rate introduced to be capable of precoding the signal on a sufficiently large bandwidth 1 [1] , [2] . Because of the spatio-temporal focusing effect of TD/TR precoding systems, a one-tap equalizer is generally sufficient in such systems, thereby lowering the receiver complexity.
Orthogonal frequency-division multiplexing (OFDM) is an efficient technology for new-generation wireless systems, thanks to its simple equalization of frequency-selective channels. The FD/TR precoding combined with OFDM has been shown to be a simple and efficient technology [4] . However, up to now, the literature [4] , [5] has only considered a BOF of one, Manuscript 1 Alternatively, in a fixed-bandwidth system, the use of a high BOF decreases the symbol rate and therefore reduces the inter-symbol interference. Fig. 1 . Schematics of (a) the TD/TR precoding communication system [2] and (b) the corresponding FD/TR precoding OFDM system. which does not exploit the full advantage of TR. Furthermore, no performance analysis of the FD/TR precoding system, i.e., mean-square-error (MSE) of the received symbols, has been provided. Recently, the performance analysis of the TD/TR system has been carried out based on the derivation of the probability density function (PDF) of signal-to-noise ratio (SNR) [3] . However, this study is limited to the singleinput single-output (SISO) case and the interference analysis is omitted. In this letter, we analyze the performance of the multiple-input single-output (MISO) FD/TR system with different BOFs in order to highlight the signal-to-noise-ratio (SNR) gain given by the FD/TR precoding, similar to that provided by the TD/TR precoding. The SNR gain is defined as the reduced SNR requirement to achieve a fixed MSE when using the MISO system and/or BOFs different from 1 compared to the SISO system with BOF equal to 1. The SNR gain analysis provides us the information regarding the transmitting power that we can reduce while preserving the system MSE performance [6] . Particularly, we derive a closed-form MSE expression, and subsequently the SNR gain, for FD/TR precoding MISO OFDM systems. We validate our analysis via simulations with Rayleigh fading channels. 2 
II. SYSTEM MODEL
The TD/TR precoding MISO system is illustrated in Fig. 1(a) [2] , where the TD symbol sequence x[n] is firstly up-sampled by a BOF U and repeated on N T transmit antenna 2 Notation: Lower-case and upper-case bold letters denote column vectors and matrices, respectively; I N is the N × N identity matrix; F Q is the Q × Q Fourier matrix; Λx is the diagonal matrix whose diagonal entries are the elements of the vector x; | · |, || · ||, (·) * , (·) T , and (·) H are the absolute, Euclidean norm, complex conjugate, transpose and Hermitian transpose operators, respectively; tr{·} and E[·] are the trace and expectation operators, respectively; x! is the factorial of a positive integer x.
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branches. The signals are then pre-filtered by the TR precoder, (h k [−n]) * , of the associated k-th channel impulse response (CIR), h k [n] before being sent over antennas. At the receiver side, the signal corrupted by additive white Gaussian noise (AWGN) v[n] is down-sampled by U . It is then equalized by a tap gain θ, which can be designed based on the minimum mean square error (MMSE) criterion. It has been shown in [2] that by using more antennas and/or increasing the BOF, the spatiotemporal focusing gain improves, delivering a better bit-errorratio (BER)/MSE performance at the cost of the symbol rate reduction. Note that, even if the received signal could directly be sampled at the low symbol rate (therefore naturally implementing the downsampling at the receiver), a wideband analog-to-digital converter (ADC) at the receiver is necessary to keep all frequency components of the received signal [6] .
In the literature, the performance of FD/TR precoding OFDM system, when communicating with the target user, was only assessed for a varying number of antennas [4] , while the use of different BOFs has not been studied yet. We discuss here a proper way to assign the data symbols onto OFDM subcarriers in FD/TR precoding system, as illustrated in Fig. 1(b) . The number of subcarriers of one OFDM symbol is Q. For simplicity, we consider that a single OFDM symbol is sent over the TR precoding MISO OFDM system. We consider a transmit data vector
The data symbols x are then spread by the matrix S of size Q × N . The Q × N matrix S is the concatenation of U independent N × N diagonal matrices, whose diagonal values are identically and independently distributed and taken from the set {±1}. The spreading matrix is normalized by √ U in order to get S H S = I N . Thanks to the spreading matrix, the BOF discussed in the original TD/TR precoding is properly introduced. The idea behind this spreading comes from the fact that up-sampling a signal in the TD is equivalent to the repetition and shifting of its spectrum in the FD. Furthermore, a randomized spreading code is used to avoid assigning the same data symbol on different OFDM subcarriers, which causes a high peak-to-average-power ratio (PAPR).
After spreading, the signal is repeated on N T branches corresponding to transmit antennas and pre-coded by a matrix Λ p k on each branch k.
T as the channel frequency response (CFR) associated with the k−th antenna and assuming its power delay profile (PDP) is normalized to unity, then Λ p k is the diagonal matrix, whose diagonal elements are (H k q ) * (for q = 0, 1, ..., Q − 1). The FD/TR precoded signals are transformed to TD signals by using an inverse fast Fourier transform (IFFT) operator. The signal is then made cyclic by adding/removing a cyclic prefix (CP) and propagated over the channel, which is mathematically equivalent to the multiplication with the Q × Q circulant matrix H k of the k−th CIR. The matrix H k can be factorized as H k = F H Q · Λ h k · F Q , where Λ h k is the diagonal matrix, whose diagonal elements are the elements of vector h k . At the receiver, the reversed operations are carried out. Note that, a wideband ADC is required and a high sampling rate is needed, as in conventional OFDM systems. However, the de-spreading operation reduces the sample rate to the symbol rate, thereby enabling the receiver to work at a low-rate processing. Assuming the time and frequency synchronization is perfect, the received signal after de-spreading is given by
where
We assume that the signal X n and noise V n are independent of each other. We define the noise auto-correlation matrix as
Based on the definition of the spreading matrix, we can deduce
After some manipulations, (1) can be rewrit-
Similarly to the TD/TR system, we use a one-tap MMSE equalizer after de-spreading in order to recover the transmitted signal. By multiplying y with the MMSE equalizer matrix,
is the definition of the SNR), we obtain the estimate x of the input signal vector. Note that if the TR precoding is matched to the channel, Θ is a real-valued diagonal matrix, leading to a low-complexity equalizer at the receiver.
III. PERFORMANCE ASSESSMENT AND DISCUSSION
By defining e := x − x and R ee := E e · e H , the MSE of the equalized received symbol can be derived as follows 3
In order to assess the SNR gain of FD/TR precoding when increasing the number of antennas and/or BOF, we define the normalized MSEs (NMSEs) as N M SE := M SE N σ 2 X . The NMSE is approximated by
2 is a RV depending on the channel realization. Note that, a Rayleigh fading channel is considered in our case. The MSE approximation is made possible due to the fact that RVs H k n+uN and H k n+(u+1)N (for ∀n ∈ [0, N − 1], ∀k ∈ [0, N T − 1] and ∀u ∈ [0, U − 2]) can be considered to be independent 4 and identically distributed 5 (i.i.d.) from one another [7] . We assume that the CIRs between 3 In what follows, the expectations are implicitly taken over the transmitted signal, noise and channel RVs. 4 When BOF is big, H k n+uN and H k n+(u+1)N are weakly correlated. The CFR correlation coefficient associated with the OFDM subcarriers p and q is each transmit antenna and the receive antenna comprise no more than L taps and are independent. The CIR taps are independent (i.e., constructed by uncorrelated scatterers) and the variance of the l-th CIR tap is σ 2 h l = E |h l | 2 . Theorem: The closed-form NMSE approximation, f (γ, U, N T ), of the FD/TR precoding MISO system is presented in (3), as shown at the bottom of this page, in which Γ low (a, t) = t 0 x a−1 e −x dx and Γ up (a, t) = ∞ t x a−1 e −x dx are the lower and upper incomplete Gamma functions, respectively, such that Γ low (a, t) + Γ up (a, t) = Γ (a) is the Gamma function.
Proof: The derivation is based on the first-order Taylor expansion (see the Appendix).
Corollary: The SNR gain at a certain NMSE is computed as SN R gain = SN R SISO − SN R MISO subject to f (SN R MISO , U, N T ) = f (SN R SISO , 1, 1) .
At high SNRs:
We have U γ −1/2 ≈ 0, therefore Γ low s, U γ −1/2 ≈ 0 and Γ up s, U γ −1/2 ≈ Γ(s). The NMSE at high SNR, f high (γ, U, N T ), can be approximated by
In the case a is a positive integer, Γ(a) = (a − 1)!. Considering U N T > 2, f high (γ, U, N T ) is further simplified as follows
It reveals that when the BOF is sufficiently high, the NMSE can only be reduced by increasing the number of antennas, as shown later in the simulations.
At low SNRs: The proposed NMSE approximation we can obtain the following approximation
It can be seen that the same conclusion as for f high (γ, U, N T ) can be drawn from (4) . If the BOF U is sufficiently high, the f low (γ, U, N T ) can only be reduced by increasing the number of antennas N T . Because for a fixed value of N T , the term e −Uγ −1/2 reduces faster than the summation term of (4) when increasing U , resulting in an un-changed f low (γ, U, N T ) value if U is sufficiently high. In the case U is set to a certain value, f low (γ, U, N T ) value can still be reduced further when increasing N T as more terms are added in the summation.
IV. SIMULATION RESULTS
We consider a 256-subcarrier MISO OFDM system, i.e., Q = 256, with a CP equal to 32. A Rayleigh fading channel of type Extended Pedestrian A (EPA) [9] is used in the simulations with its PDP given in Table I . Unless otherwise stated, numerical and analytical results are presented by the marker symbols and solid-lines, respectively.
In the first step, the NMSE is plotted as a function of the SNR in Fig. 2(a) compared to the NMSE of the SISO case with BOF of 1. The number of antennas is set to 2 and the BOFs are 1, 2 and 4. As expected, the analytical closed-form
NMSEs match the ones obtained by simulations, confirming the correctness of our derivation. The simulation results also confirm our previous observation that when increasing the BOF, the NMSE (and hence the spatio-temporal focusing) improves. For instance, in order to maintain a NMSE = −10 dB, with BOF = 1, we only obtain a SNR gain of about 12 dB, while by increasing the BOF to 2 and 4, the achievable SNR gains are 16 dB and 17 dB, respectively. In the second step, we set the SNR to 30 dB. We investigate the NMSE values when varying the number of antennas and BOFs (Fig. 2(b) ). Again, the analytical results match the numerical ones. As suggested in the analysis in Section III, the NMSE does not improve further when the BOF is sufficiently high. In this case, we can improve the NMSE by increasing the number of antennas.
Finally, Fig. 2(c) illustrates the number of antennas/BOFs trade-off possible to achieve different values of the SNR gain indicated on the different lines. The SNR gain is computed to ensure the NMSE if fixed to −10 dB. The numerical results confirm again the observation made in the analyses. It should be reminded that when the BOF value is high, the assumption of the statistical independence among RVs H n does not hold so that there are some mismatches between the analytical and numerical results.
Intuitively, the RV K n is built constructively thanks to the TR precoding of the signal with the corresponding CFR. This leads to the reduction of the NMSE and hence improves the SNR gain, especially when increasing BOFs (associated with the frequency diversity gain). In the case we increase the number of antennas, the NMSEs are also reduced thanks to the spatial diversity gain, which confirms the results of previous works [4] , [5] .
V. CONCLUSION
We have presented a proper way to perform FD/TR precoding in MISO OFDM communication systems. By deriving the NMSE, we have shown that, similar to the TD/TR precoding, increasing either the BOF or the number of antennas improves the SNR gain of the system. The derived closed-form NMSE approximations and SNR gain have been validated through simulations, confirming the correctness of our derivations.
